We consider an optimal consumption, leisure, investment, and voluntary retirement problem for an agent with a Cobb-Douglas utility function. Using dynamic programming, we derive closed form solutions for the value function and optimal strategies for consumption, leisure, investment, and retirement.
Introduction
We consider an optimal consumption, leisure, and investment problem with voluntary retirement for an agent whose period utility function is a Cobb-Douglas utility function of consumption and leisure. In this model the agent can flexibly choose her leisure amount before retirement above a certain minimum labor requirement, and will receive labor income proportional to the amount of labor supplied. Upon retirement, the agent will enjoy full leisure, at the cost of forgoing all labor income. Using the dynamic programming method pioneered by Merton [1, 2] and Karatzas et al. [3] we find closed form solutions to the value function and find the optimal consumption, leisure, and portfolio policies. Barucci and Marazzina [4] consider this consumption, leisure, investment, and retirement problem in the case of stochastic labor income. Choi et al.
[5] solve a similar problem for an agent who has constant elasticity of substitution (CES) period utility. Farhi and Panageas [6] also consider such a problem, where the choice of leisure is confined to only two values: l 1 while working andl after retirement. In all of these papers, the authors use the martingale method to solve their optimization problems (see also [7, 8] ). Shin [9] extends the results of Farhi and Panageas [6] by solving their problem using the dynamic programming method, and shows the equivalence of the solutions obtained through the martingale method and the dynamic programming method. Likewise, we provide a methodological contribution by solving our optimization problem using the dynamic programming method.
The work is organized as follows. Section 2 provides information on the financial market. Section 3 lays out and solves our optimization problem, with detailed proofs provided.
The financial market
In our continuous time financial market, we assume that there are two assets: a riskless asset S 0 (·) and a risky asset S 1 (·), which follow dS 0 (t)/S 0 (t) = rdt and dS 1 (t)/S 1 (t) = µdt + σ dB(t), respectively. The parameters r > 0, µ > r and σ are assumed to be constants, and B(·) is a standard Brownian motion on a given probability space (Ω, F , P).
The market price of risk is defined by θ := (µ − r)/σ . Let π t be the dollar-amount invested in the risky asset S 1 (t) at time t, c t be the consumption rate process at time t, l t be the leisure rate process at time t, and τ be a F t -stopping time considered as a voluntary retirement time from labor. π t , c t , and l t are F t -progressively measurable with
and  t 0 l s ds < ∞, for all t ≥ 0 almost surely. For before retirement, we consider l t to be a control variable under the restriction l t ≤ L <L. For after retirement, however, l t =L is considered to be a constant. Let w be a constant wage rate, and let us define w(L − l t ) as labor income at time t. Thus the wealth process is given by
where wL/r denotes the present value of the future labor income of the agent. The agent can consume and invest as long as x > −wL/r.
The optimization problem
The agent in our model wants to maximize her expected utility
where ρ > 0 is a subjective discount rate and A(x) is an admissible plan of quadruples (c, l, π , τ ) such that The following assumption is needed to make our optimization problem well-defined and holds throughout the work without further comment.
Assumption 3.1.
K := r + ρ − r γ + γ − 1 2γ 2 θ 2 > 0 and K 1 := r + ρ − r γ 1 +
